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STATISTICS AND PROBABILITY

Unit Outcomes:

After completing this unit, you should be able to:
»  know specific facts about types of data.
»  know basc concepts about grouped data.
»  know principles of counting.
»  apply factsand principles in computation of probability.

Main Contents

5.1 STATISTICS
5.2 PROBABILITY
Key terms
Summary

Review Exercises



Mathematics Grade 11

INTRODUCTION

The word statistics comes from the Italian word "statista’ meaning stateman. It was
used to signify the application of recorded data for purposes of the state. When statistics
isused in its plural sense, it means abody of numerical facts and figures. The numerical
facts are called datistical data, or simply data. When it is used in its singular form,
statistics is a branch of mathematical science, and is concerned with the development
and application of methods and techniques for the collection, organization, analysis
and interpretation of quantitative data We will confine ourselves to this second
meaning of statistics through this unit.

1] HISTORICAL NOTE

William | of England (1027-1087)

In December, 1085, William the Conqueror decided to commission
an inquiry into the ownership, extent and values of the land of
England to maximize taxation. This unique survey is known to
history as "The Domesday Book" and is considered to be the first
statistical abstract of England.

OPENING PROBLEM

The following data are the results of 20 students in a Mathematics final exam (out of
100):

75 52 80 71 60 45 90 58 63 49
83 69 74 50 92 78 59 68 70 82
Arrange the datain increasing order.
b Group the datainto five classes.
c Draw a histogram of the grouped data

\STATISTICS

Recall that you have studied the basics of statistics in Grade 9, including its meaning,
importance and purpose. You also have discussed presentation of data using different
forms such as a histogram, measures of central tendency, and measures of dispersion of
data. The work in this grade will begin with discussing types of data.
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Unit 5 Statistics and Probability

Types of Data
ACTIVITY & 1

1 Classify the following data as qualitative or quantitative:

a  beauty of apicture b sizeof your shoe
c type of acar d number of children living in a house
e colour of your skin f blood type(group)
2  Classify the following variables as discrete or continuous:
a  Szeof ashirt b number of members of a football club
c price of akilo of sugar d  number of roomsin ahouse
e heights of studentsinaclass f  life-time of an eectric bulb

The firgt step in applying statistical methods is the collection of data; this is the process
of obtaining counts or measurements. The data obtained can be classified into two
types: qualitative or quantitative data.

Definition 5.1

Qualitative data is obtained when a given population or sample is classified in
accordance with an attribute that cannot be measured or expressed in numbers, while
Quantitative data isthat obtained by assigning areal number to each member of the
population, under study.

Classify the following data as qualitative or quantitative:
Honesty, height, weight, intelligence, income, efficiency, width, sex, pressure, distance,
religion, socia staus
Honesty, intelligence, efficiency, sex, religion and socid status are qualitative,
while height, weight, income, width, pressure and distance are
quantitative.
[If 1.Qs (intelligent quotients) are used to measure intelligence, then it will be
quantitative.]

Definition 5.2

A number, which is used to describe the attribute and which can take different values
iscalled avariable.

For example, in your class the height, weight or age of different individuals varies, and
can be expressed in‘numbers. Therefore, these quantities (height, weight, age,...) are
variables.
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Mathematics Grade 11

Variables are denoted by letterssuch as x, v, z,...
A variable may be either discrete or continuous.

Definition 5.3

A Discrete Variable is one which takes only whole number values. It is usually
obtained by counting. There is a gap between consecutive valuesi.e. it varies only by
finite jumps. A Continuous Variable is onewhich takes all real values between two
given real values.

Example 2 Which of the following are discrete variables? Which are continuous?

Number of students in a class, weight of students, length of a road, number of
chairsin aroom, temperature of aroom and number of houses along a street.

Solution:  Number of students in a class, number of chairs in a room and number of
houses dong a dreet are discrete. They can have whole number values only.

On the other hand, weight of students, length of a road and temperature of a room
are continuous variables. They can take fractional or decimal values. For instance,
weight of students could be given by values like 50.1kg, 49.73kg; length of a road
could be given by values like 6.5km, 2.63km, while temperature of a room could
be given by values like 20°C, 14.5°C.

Do the following in groups.

1 Suppose datais collected about a set of people, as given below:
a gender b religion ¢ educational qualification
d number of children e income  f shoe size
g height h  weight [ nationality

Classify each of them as qualitative, discrete quantitative or continuous
quantitative data.

2 Consider the following example: “Weight” for most humans is measured on the
following scale (in kilograms).

0O 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
Following the example, design suitable scales for the following.
a  height (humans) b  top speed (cars) c monthly income
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W2 Introduction to Grouped Data

Definition 5.4

A Frequency distribution is a table which shows the list of all values of data
obtained and the number of times these values occur (frequency). The raw data
obtained will be organized and summarized into agrouped frequency distribution
table for the purpose of summarizing alarge amount of data

Example 3 Consider the following data. It represents the number of patients that a
doctor visits per day for 150 working days.

2 6 2 6 5 22 3 1 10 2 6 6 11 8

5 9 7 2 5 1 5 4 9 7 11 3 14 1 4
25 19 8 2 5 8 10 16 15 5 6 8 4 12 13
8 3 6 6 21 6 5 6 8 29 9 23

6 22 8 11 23 8 6 5 18 7 4 5

3 18 5 8 11 5

18 O 16 4 9 8
9 5 19 12 1 10 7 8 17 5 9 7
13 18 8 7 8 7 7 13 5 20 10 6 22 1
14 7 20 1 9 4 6 24 17 6 4 6 14 4 4
Solution The data given israw data or ungrouped data. To summarize the raw data
into a grouped frequency distribution, follow these steps.
Steps to prepare a grouped frequency distribution table
1 Determine number of classes required (usually between 5 and 20).

7
6
8 7 5 10 16 11 13
2
7

w U B U1 O
O O U N © b

2  Approximate the interval of each class or class width using the following formula
maximum value — minimum value
number of classes required

To prepare the frequency distribution, first you decide the number of classes. For this
case, let the number of classes be 5.

29 -0

Class interval =

Classinterval (w) =

From the formula, the class interval, w, is calculated as 5.8. For practical purposes, it
will be convenient to choose the class interval to be a whole number. For this case, you
can take class interval as 6. (This is obtained by rounding 5.8 to the nearest whole
number). Therefore w = 6 (See the grouped frequency distribution below).

=5.8 (From the formula for class interval)
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- Number of patients | Tall ( Number of visiting
(class limit) - days (f)
0-5 A A A A A A 49
11 T 6
i i i |
12 -17 ] 16
18-23 H 15
24-29 [l 4
Total

ACTIVITY 5 2

1 What isthe frequency of the 2™ class?
2 What isthe frequency of the 5" class?

In the above frequency distribution, you are considering frequencies of each class. But,
in reality you may be interested to know about other issues such as how many days the
doctor visited fewer than 8 patients. To answer such a question, the frequency
digribution given above may not always be suitable. For such-a purpose, you need to
congtruct what is called a cumulative frequency distribution.

A cumulative frequency distribution is constructed by either successively adding the
frequencies of each class called “less than cumulative frequency” or by subtracting the
frequency of each class from the tota ‘successively called “more than cumulative
frequency”.

The cumulative frequency distribution of the above data of patients that a doctor visits
per day is as follows.

Nymber of Number of Cumulative
patients (class o
limi visiting days (f)  frequency
imit) e
0-5 kA A A A A 49 49
itk A A A A A
6-11 66 115
i i A A |
12 -17 i 16 131
18-23 i i 15 146
24-29 i 4 150
Total 150

Note that the above frequency distribution is for adiscrete variable.
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Definition 6.5
The first and the last elements of a given class interval are called class limits.

For the above table, give the lower and upper class limits for the second
and the fourth classes.

For the second class 6 — 11, 6 is called the lower classlimit and 11 is
caled the upper class limit, while the lower limit and the upper limit of
the fourth class are 18 and 23 respectively.

1 Describe whether each of the following are qualitative or quantitative.

a Beauty of a student
b Volume of water in abarrel
c Score of ateam in a soccer match
d Neatness of our surrounding
2 Identify whether each of the following is discrete or continuous.
a  Yield of wheat in quintals
b Rank of students by examination results
¢  Volume of water in abarrel
d Sex of a student
3 Thefollowing are scores of 40 studentsin a statistics exam.
50 72 56 31 48 33 56 54 41 35
22 76 32 66 56 38 48 36 44 46

36 49 51 59 62 41 36 50 41 42
50 50 49 60 36 46 42 42 47 62

Prepare a grouped frequency distribution, using 7 classes. Answer the following
questions.

a  What istheclassinterval?

b What isthe lower class limit of the second class?

c Wheat is the upper class limit of the second class?

d  What isthe frequency of the first class?
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4 Thefollowing are weights (in kg) of 50 patients in a hospital.

70 62 58 42 18 33 24 54 64 29
12 76 28 54 59 42 53 24 48 36
42 59 64 46 62 52 24 42 48 58
60 54 39 56 36 78 16 26 58 62
34 18 22 28 62 38 46 53 62 37

Prepare a grouped frequency distribution, using 6 as class width. Answer the
following questions.

a  How many classes do we have?

b Determine the cumulative frequency distribution?

c How many patients do have their weight less than 48kgs?

d  What isthe frequency of the fourth class?

e  What isthe cumulative frequency at the seventh class?

Definition 5.6
1 The average of the upper and lower class limit is called the class mark or class
midpoint.
Class mark = lower class limit + upper class limit

2

2 The correction factor is half the difference between the upper class limit of a
class and the lower class limit of the subsequent class.

The class mark serves as representative of each data value in a class (or the class itself).

Example 5 For thetfollowing distribution which shows the test scores of 60 students
in a mathematics test corrected out of 100, give the correction factor.

Number of students
(Frequency) (f)

Score (Class limit)

1-25 5
26 -50 10
51-75 30
76 —100 15
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Solution: In this distribution, the correction factor is

L(26-25)=05 or 1(51-50)=05
2 2

Why do you need the correction factor?

Previously, you saw that a cumulative frequency distribution of discrete values may
help answer some questions. But, there could be more questions to answer. For
example, in Example 5 above, suppose you are asked ‘ To which class does a mark of
9.5 belong? Or, how many students have scored less than 9.57 To solve such problems,
you have to smoothen the distribution and fill the gaps. In order to smoothen, you add
the correction factor to the upper limits of each class and subtract from the lower class
limits of each classto get what are called class boundaries. :

Then the class 25.5-50.5 includes variable values that are 25.5 and above, but below
50.5.

Do the following in groups.

1 Consider the frequency distribution table considered in
Example 5 above.

Copy the table and insert columns which show class boundaries, class mid points
and cumulative frequency and fill them in.

2 100 students have taken a mathematics test and the teacher has organized the data
into the following table:

S el @ 1- 5 | 6-10 [ 11-15 | 16-20 | 21-25 |26-30 | 31-35|36-40 | 41-45| 46-50

Frequency ! 2 11 17 25 18 13 6 3 4

Using what you have learned in grade 9, draw a histogram of the data.

Steps to construct a frequency distribution:

1 Find the highest and lowest values.

2 Find the range (i.e., highest value — lowest vaue).
3 Select the number of classes desired.
4

Find the class interval by dividing the range by the number of classes and
rounding up.
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Select a starting point (usualy the lowest value); add the class interval to get the
lower limits.

Find the upper class limits.
Tally the data.
Find the frequencies.

Find the cumulative frequency.

A teacher in a school has given a project to her students to make a survey of the
size of two kinds of trees in a forest nearby. The following is the frequency table
that the students made about the circumference of 100 randomly selected trees of
each of two kinds A and B.

Circumference (cm) Treetype A (f) Tree type B(f)

1-20 5 4

21-40 15 4

41-60 25 12

61-80 19 8

81-100 22 22

101-120 7 26

121-140 5 18

141-160 2 6

a  Whatistheclassinterval?

b What isthe lower class limit of the second class?
c  What isthe upper class limit of the second class?

d  What isthe frequency of the first class?
e Complete the following table about Tree type A.
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f
g

Circumference Class Class Tree type
(cm) Boundaries  midpoint A(f)

1-20 5
21-40 15
41-60 25
61-80 19
81-100 22
101-120 7
121-140 5
141-160 2

Make a similar table for Tree type B.
Draw histograms to illustrate both frequency distributions.

2  The following are yield in quintals of wheat harvested by thirty farmers per
hectare.

42 39 26 18 22 52 24 12 24 32
48 33 29 56 36 24 16 32 21 78
16 28 30 16 62 38 14 19 30 54

Prepare a grouped frequency distribution, using 11 classes. Answer the following

guestions.

a  What isthe lower class limit for the third class?

b What isthe lower class boundary for the seventh class?

c Determine the correction factor for this frequency distribution.

d  What isthe class mark of the second class?

e Find the difference between the class marks of the eighth and ninth classes.

R Measures of Location for Grouped Data

When you want to make comparisons between groups of numbers, it is good to have a
single value that is considered to be a good representative of each group. One such
value is the average of the group. Averages are also called measures of location or
measures of central tendency. The most commonly used measures of central
tendency are Mean (or Arithmetic mean), Median, Mode, Quartiles, Deciles and
Percentiles.
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In Grade 9, you learned how to find the mean, median and mode for ungrouped data. In
this section, we will focus onto grouped frequency distributions.

First, let us recall the summation notation. Let X3, X2 . . . ,Xn be anumber of values where
n isthe total number of observations with x; the i"" observation.

The symbol Z)g is called sigma or the summation notation and i is called anindex,
i=1

with | = 1 the starting index and | = n the ending index.

Thuszn:x =X XX
i=1

The mean

Definition 5.7
The mean X of a set of data is equal to the sum of the data items divided by the
number of items contained in the data set.

If x1, x2, x3,... Xn &€ n vaues, their mean is given by

o DA M e et G le)g
n n
If x1, x2, ... xn iS @ set of dataitems, with frequencies fi, f, ..., fn, respectively, then
their mean is given by

fix + fox 4o+ fx, IZ:;‘ i

X =

f,+ f,+..+ f Zn:f

Calculatethe mean of 7, 6, 2, 3, 8.
g = 7+6+2+3+8 :§ _59
5 5
Consider the following values which show the number of radios sold by
an electronics shop for 25 days.
7,7,2,6,7,10,8,10,2,7,10,7,2,7,6,10,6,7,8,7,6,7,10, 6, 10
a Prepare a frequency distribution table.

b Find the mean number of radios sold from the frequency distribution table.

a From the above raw data , you may have found the following frequency
distribution table which shows the number of radios sold by the shop for 25
days.
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x IR
Bl 35|92

b We use the above formulato find the mean from the frequency distribution
table.

f
i_zlz 5 _3x2+5x6+9x7+2x8+6x10_6+30+63+16+60 175 __
. f 3+5+9+2+6 25 25
i=1

A
ACTIVITY 5.3 Al
A group of 5 water tanks in afarm have a mean average height \,f
of 4.7 metres. If asixth water tank with a height of 2.91 metres "R
is erected, what is the new mean average height of the water
tanks?

One group of 8 students has a mean average score of 67 in atest. A second group
of 17 students has a mean average score of 81 in the same test. What is the mean
average of all 25 students?

Write a general formulato find the combined mean of two groups of data and
explain.

Mean for grouped data

The procedure for finding the mean for grouped data is similar to that for ungrouped
data, except that the mid points of the classes are used for the x values.

Example 8 Calculate the mean average of this grouped frequency table for students

test scores.

(Mark 1-5 6-10 | 11-15 | 16-20 | 21-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50

\ f

1 2 17 25 11 13 18 5 4 4

Solution:  If you have to use what you know so far to calculate the mean, we need

to know the total number of students that took the test and the tota
number of marks that they scored.

The total number of students is 100, but we have a problem when it comes to the
total number of marks. Since you have grouped data, you cannot obtain individual
marks. For instance, 13 students scored between 26 and 30. But, there is no way
you can tell the total mark of the 13 students.
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The way out of this problem is to approximate each student’s mark by the middle mark
of the classinterval, asin the following table:

‘ Mark 6-10 | 11-15|16-20|21-25 | 26-30 |31-35|36-40| 41-45 | 46-50

Mid Value

2 17 25 11 13 18 5 4 4
16 221 | 450 | 253 364 594 | 190 172 192

Now, total number of students = 100; Total marks (approximate) = 2455

Therefore, approximate mean = % =24.55.

Remember that this mean is an approximation based on the assumption that each classis
represented by a midpoint without much loss of accuracy. In calculating the mean of a
grouped distribution, each classis represented by its class mark (class midpoint).

Steps to find the mean from a grouped distribution

From a grouped frequency distribution

1 Find the class mark (mid point) x. of each class, by
lower class limit + upper class limit
5 .
2 Multiply X, by its corresponding frequency and add.

3 Divide the sum obtained in step 2 by the sum of the frequencies.
fox oot x> fix,

X =

for fv. 46, D f
Example 9 Thefollowing isthe age distribution of 20 studentsin a class. Find the
mean age of these students.

Age Classmid  Number of

(in years) point (Xc) students (f)
14 -18 16 2 32
19-23 21 7 147
24 - 28 26 6 156
29-33 31 5 155

S f=20 Y fx, =490
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Solution: y:&:@: 24.5 years

The procedure for finding the mean for grouped data assumes that all of the raw data
values in each class are equal to the class mark of the class. In reality, thisis not true.
However, using this procedure will give us an acceptable approximation of the mean,
since some values usually fal above the class mark and othersfall below the class mark

for each class.
| _Exercise5.3 |

1  Thefollowing frequency distribution tables represent score and age of students.
Find the mean for each of them.

a Marks  Frequency Age Frequency

10-12 4 13-15 6
13-15 7 16 - 18 6
16 - 18 10 19 - 21 3
19-21 13 22 -23 )
23-25 16

2 Forty-six randomly selected light bulbs were tested to determine their life time (in
hours) and the following frequency distribution was obtained. Find the mean hour
of lifetime.

Life time (hrs)  Frequency

54 - 58 2
59 - 63 5
64 - 68 10
69 - 73 14
74-78 10
79 - 83 5

3 The following are quintals of fertilizer distributed to fifty farmers.

24 19 26 28 29 25 32 22 24 18
32 13 31 26 18 18 26 14 24 24
28 32 23 16 24 19 34 31 13 36
16 23 32 41 34 24 31 23 18 42
6 8 24 26 34 18 32 19 28 14
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a  Find the average number of quintals of fertilizer distributed to the farmers
from the raw data

b Prepare discrete frequency distribution and calculate the mean.

4 Udng the data given in Question 3 prepare two grouped frequency distributions,
using 6 and 9 classes. Answer the following questions.

i Find the mean of each.
ii Are the four means you calculated equal?
il Write your generalizations.

The median (mad)

Y ou should remember that median of a set of datais the middle number when the data
is arranged in either increasing or decreasing order of magnitude. It is a half way point
in a data set, when the datais arranged in order (called a data array). The median will be
avalueinthe data or will fall between two values.

a  Thefollowing data shows the age to the nearest year of 7 studentsin aclass.
What will be the median of this age distribution?

6,8,5,6, 10,7, 3.
b Find the median from the following data.
60, 63,59, 72, 50, 49.

a Arranging in anincreasing order gives3, 5, 6, 6, 7, 8, 10.
Since the number of observationsis 7 and this number is odd, therefore,
th th
md = (”;1} item = (72”] item = 4" item which shows the median is 6.

b First you'have to arrange in increasing order giving,
49,50, 59, 60, 63, 72.

Since n = 6, whichis even, you will use the second formula

th th th
n item+(n+lj item 6 item + 6 + 1 litem
md = 2 2 - \2 2

2 2

md

rd: - th
:3 item+ 4" item _ 59+ 60 :%:59_5
2 2 2
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Consider the following data which shows the amount of milk in litres sold by a
farmer in one month.

5,6,7,6,8,10,10,8,7,6,5,4,8,7,6,5,4,8,8,7,6,5,6,7,8,10, 8, 7,6,5
a  Find the median from the raw data.
b Prepare a frequency distribution table.

Hint:- Y our table may help you to arrange the values in an increasing order.

Find the median of the following distribution.

X 2 5 7 8 10

f 3 4 9 3 6
The Bills paid (in Birr) for eectric consumption by Ato Abebe in the last 12
months is as follows.

52,68,57,96, 78, 48, 103, 82,71, 62,51, 24
a Find the median of Bills paid for the electric consumption.
b  Cdculate the mean and compare it with the median.
The following data shows score of fifty students in Mathematics exam

14 19 16 13 14 19 13 18 14 15
17 18 14 17 18 18 14 14 16 17
15 14 15 16 15 17 14 15 18 14
16 17 16 14 14 14 15 17 14 17
14 16 14 15 15 16 16 14 15 16

a Find the median from the raw data

b Prepare a discrete frequency distribution table and calcul ate the median.

Median:for-grouped data

So far, you have seen how to find the median from raw data and, from the above
Exercise, you should have been able to find the median from a single valued frequency
distribution table. Inthe next part, you will see the steps to find the median of a grouped
frequency distribution.
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Steps to find the median of a grouped frequency distribution

1 Prepare a cumulative frequency distribution.
2 Find the class where the median is located. It is the lowest class for which the

cumulative frequency equals or exceeds g .

(©1;
[

n
3  Determine the median by the formula md = B, + 2 .
where,

B. = Lower boundary of the class containing the median (median class)

n = total number of observations (Z f )
cfy = the cumulative frequency in the class preceding ("coming before") the class
containing the median.
fc = the number of observations (frequency) in the class containing the median.
I = the size of the classinterval.(i.e. width of the median class)

Example 11 Thefollowing is the height of 30 studentsin aclass. Find the median
height.

Height (in cm) Number of students (f)
140 — 145

146 - 151

152 - 157

158 - 163

N | b0 | O

164 - 169

First use the correcting factor to prepare a cumulative frequency table.

146-145

The correcting factor is = 0.5. (uniform for all classes)

From this, you can prepare the class boundary column and the cumulative
frequency column as follows.
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height (in cm) height (in cm) f -
(class boundaries) (Cumulative frequency)
140 — 145 139.5-1455 7 7
146 — 151 145.5-151.5 9 16=7+9
152 - 157 151.5-1575 8 24=16+8
158 - 163 157.5-163.5 4 28=24+4
164 - 169 163.5-169.5 2 30=28+2
Tota 30

th
The median class is that class containing the (S—ZOJ item = 15" item. It isin the

2" class.
Therefore, the median classis 145.5 — 151.5.

Thus, B, = 1455, g =15 f.=9, i=1515-1455=6.cf, = 7

_Cfb

NS
—

Therefore, md = B, + i =145.5+(159_7)6

c

=1455+5.333
=150.83
The median height is 150.83 cm.

The following défa shows Age of forty studentsin a class.

17 19 14 17 18 16 19 13 19 17
13 14 16 13 14 17 14 16 18 15
16 13 15 12 14 13 14 17 18 15
18 16 17 20 16 17 19 21 17 16

a Find the median from the raw data.
b Construct a grouped frequency distribution, with 5 classes.
c Find the median from the frequency distribution table.
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2 Calculate the median of each of the following sets of data about studentsin aclass.

=Wl Daily income Number b Marks Number of

(in Birr) of students students
10-14 4 20-29 2
15-19 11 30-39 12
20-24 17 40— 49 15
25-29 16 50 -59 10
30-34 8 60 - 69
35-39 4 70-79

80 -89 3

3 Theamounts of drops of water in drip irrigation were registered from 80 sample
drip holesin one day and the data are as follows.

77 99 104 87 108 86 91 87 92 77 103 104 96 92
92 97 79 97 101 95 113 85 84 112 78 73 86 77

107 67 88 76 77 87 114 97 102 101 98 105 67 67
94 118 79 68 64 103 8 97 73 92 78 95 86 99
87 76 99 112 68 103 98 63 101 101 76 67 79 84
87 116 102 81 76 88 98 93 82 78

a  Find the median from the raw data.

b Construct a grouped frequency distribution, with 10 classes and find the
median.

4 Cdculate the median of the following sets of data about score of studentsin an exam.

Score of Number

students of students
1-7 2
8-14 5
15-21 7

22 - 28 12

29-35 7

36 -42

43 - 49 2
Total 40

a Find the mean and median score of the students.
b Compare the mean and the median.
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The mode (m,)
In gatigtics, the word mode represents the most frequently occurring value in a data set.

Definition 5.8

The Mode of aset of data is the value in the data which appears most frequently in
the set of values.

Example 12 Find the mode of each of the following.
a 256,542,322
b 234389
c 4874823

d & 10 | 16 | 17 | 20 | 22 | 26

‘ f 4 2 4 3 4 3

Solution:

a  In this observation, the most frequent value is 2. Therefore, the mode is
M, = 2 since it appears three times. This data has only one mode and is
caled unimodal.

b Every member appeared only once. Hence there is no mode for this
distribution.

c Here both 4 and 8 appear twice but the rest appear only once. Hence the
modes are 4 and 8. This distribution has two modes. Such distributions are
said to be bimodal.

d Three values 10, 17 and 22 all appear 4 times. Hence the modes are 10, 17
and 22. Distributions that have more than two modes are called multimodal.

1 Determine the mode of each of the following data sets.
a o 2 5 7 8 |10 | b X 7 |10 | 12 | 15
f 3 4 9 2 6 f 6 4 6 3

c 8,12,7,9,6,18 d 7,7,10, 12,10, 12

2 Thefollowing represent days in amonth at which salary was paid for forty-two
consecutive months.

22 27 26 24 23 25 28 27 26 23 25 24 27 26
25 27 28 25 26 27 27 24 27 26 25 27 26 27
23 22 27 28 27 29 27 23 27 24 26 27 27 26
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a What is the mode of this data?
b Atwhichdateis salary paid mostly?

3 In electing student representative, there were three candidates: Abebe, Helen and
Mahder. The following result was summarized.

| Candidate Abebe Helen Mahder
. Number of votes 7 5 8

a What is the mode vote?
b Who must be elected? Why?

4 Thefollowing data represents shoe sizes of different models of shoes displayed in
a boutique.

39 40 40 41 39 40 39 41
39 39 42 39 43 39 42

a  Determine the mode shoe size in the shop?
b What does this mode describe?

Mode of grouped data

Before we find any mode(s) that might exist, check the following points:
1 The classinterval of all classes should be equal (Uniform class interval).

2 We need a column of class boundaries which can be obtained from the class limits.

Steps to calculate the modal value from grouped data

1 Identify the modal class. It isthe class with the highest frequency.

2 Determine the mode using the following formula: Mode = m =B+ ( = dld ji
1 + 2

Where B, = lower class boundary of the moda class.

di= the difference between the frequency of the modal class and the
frequency of the preceding class (pre-moda class).

do= the difference between the frequency of the modal class and the
frequency of the subsequent class (next class).

i = size of the class interval.
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Example 13 The following table gives the age distribution in a certain class. Compute

Solution

the modal age (in years).

Age ‘ f
10-14 7
15-19 6
20-24 10
25-29 2

The modal classisthe 3" class because its frequency is the largest.

B.=195,d;=10-6=4, d,=10-2=8, i=24=19=5

jS =195+ g =195+ 1.67=21.17 years.

| Exercise 5.7 |

- 19,
Mo 95+(4+8

1 Find the mode for each of the following distributions.
a 5,7,8,20,15,8,7,8, 20, 8. b 8,9,12,5.
(5 10, 2,5,8,12,9,9,5,9,8,7,6, 1, 3, 8.
d 6|8 10|11
3177 |4
E Marks 0-9 10-19 | 20-29 30-39 40-49
Frequency 12 18 27 20 17
2 Thedally profits (in Birr) of 100 shops are distributed in the following table. Find
the modal value.
Profit 1-100 | 101-200 | 201-300 | 301-400 | 401-500 | 501-600
No of shops 12 18 27 20 17 6

3 The following is a distribution of the size of farms (in 2000 m?) in aworeda. Find

the mode of the distribution.

Size of farm 5-14 | 15-24

25-34

35-44

45-54

55-64

65-74

No of farms 8 12

17

29 31
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4 Theamounts of drops of water in drip irrigation were registered from 80 sample
drip holesin one day and the data are as follows.

77 99 104 87 108 86 91 87 92 77
103 104 96 92 92 97 79 97 101 95
113 85 84 112 78 73 86 77 107 67
88 76 77 87 114 97 102 101 98 105
67 67 94 118 79 68 64 103 87 97
73 92 78 95 86 99 87 76 99 112
68 103 98 63 101 101 76 67 79 84
87 116 102 81 76 88 98 93 82 78

a Find the mode from the raw data.

b Construct a grouped frequency distribution, with 10 classes and find the
mode.

5  Thenumber of farmers who got aprize for their productivity and the type of prize
they got is given as follows.

Number of farmers and their prize

M Tractor

M Generator
Money

B Medal

Determine the mode prize.

Quartiles, deciles and percentiles

The median divides a distribution into two equal halves. There are other measures that
divide the data into four, ten and a hundred equa parts. These values are called
quartiles, deciles and percentiles, respectively.

These measures, which are recognized as measures of location, will be discussed for
both ungrouped and grouped data.

Quartiles, deciles.and percentiles for ungrouped data
1~ Quartiles

Quartiles are valués that divide a set of data into four equal parts. There are three
quartiles, namely, Q1, Q. and Qs.
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To calculate quartiles, follow these steps.

Steps to calculate quartiles for ungrouped data

1  Arrangethedatain increasing order of magnitude.

2 If the number of observationsis:

th

a odd QK:KMJ item
’ 4

(2]

2

b even, Q = item.

Example 14 Find Q, and Q3 for the following data.
25,38,42,46, 31, 29, 21,9, 5.

Solution Arranging in increasing order of magnitude, we get, .
5,9, 21, 25, 29, 31, 38, 42, 46.

_49+1)

Qu = (2.5)" item. What does this mean?

Q lies half way between the 2™ and 3" items.
Therefore, Q, = 2™ item + %(3"’ item - 2™ item) = x2+%(x3—x2)
=9+ %(21—9):9+6:15 or Q1:9+721:15

It is half of the'way between the 7 (x,) and 8" (xg) items.
Therefore, Qs = x7 + 0.5 (s — x7) = 38 + 0.5 (42 — 38)
=38+2=40

38+42 _

or Q, 40

2 Deciles

Deciles are values that divide a set of data into ten equa parts. There are nine deciles,
namely, Dy, D2, D3, D4, Ds, D, D7, Dg, Do.
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To calculate deciles, follow these steps.

Steps to calculate deciles for ungrouped data

1  Arrangethedatain increasing order of magnitude.

2 If the number of observationsis:

(i(n+1)Jth _
a odd, D =| ———= | Item.
10

|

2

b even, D = item.
Example 15 Find D, and D+ for the following data: 25, 38, 42, 46, 50, 31, 29, 21, 9, 5.

Solution Arranging in increasing order of magnitude, we get,
5,9, 21, 25, 29, 31, 38, 42, 46, 50.

th
[2(1o)j+[2(1o)+1j )
10 10
D, = item:(ﬁ’j item=25"item=15
2 2
th
[7(1o)j+[7(1o)+1j s
10 10
D, = > item:(%sj item=7.5"item = 40

3 Percentiles

Percentiles are vauesthat divide a data set into a hundred equal parts. There are ninety
nine percentiles, namely, Py, Py, ... Pog.

Percentiles are not the same as percentages. If a student gets 85 correct answers out of a
possible 100, he obtains a percentage score of 85. Here there is no indication of his
position with respect to other students.

On the other hand if a score of 85 corresponds with the 96™ percentile, then this scoreis
better than 96% of the students under consideration. Were your average and percentile
in your grade eight exams the same?
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To calculate percentiles, do the following:

Steps to calculate percentiles for ungrouped data

1  Arrangethedatain increasing order of magnitude.

2 If the number of observationsis:

[t(n+1)Jth _
a odd P= item.
10

tn tn i
— |+ —+1
100) (100

b even, P = 5 item.

Example 16 Find P4 and Pys for the following data.
25, 38,42, 46, 50, 31, 29, 21, 9, 5.
Solution Arranging in increasing order of magnitude, we get, .
5,9, 21, 25, 29, 31, 38, 42, 46.

th th

42(n+1

Py = M item = A2 x 10 item = 4.2" item
100 100

Hence Py is between the 4™ and 5" item, i.e. x4+ 0.2 (X5 — X4)
Therefore, P, =25+0.2(29-25) =25+0.2(4) =25+ 0.8=25.8

% th- .
P;s=| ——| item=7.5" item=40
00

Note that P7s = 40. That is, 75% of the data values are less than P75 and the rest are
aboveit. ;
Quartiles, deciles'and percentiles for grouped data

You have just discussed quartiles, deciles and percentiles for ungrouped data. When we
have a very large set of data, grouping the data in a frequency distribution will make it
easier.

1 Quartiles

Example 17 Find the quartiles of the following grouped data.

‘Mark 1-5 | 6-10 | 11-15 | 16-20 | 21-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50

‘ f 1 2 17 25 11 13 18 5 4 4
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Solution Y ou need to first add the cumulative frequenciesto the table.

‘Mark 1-5| 6-10 | 11-15 | 16—20 | 21-25 | 2630 | 3135 | 36-40 | 4145 | 46-50

‘ f 1 2 17 25 11 13 18 5 4 4

‘ cf 1 3 20 45 56 69 87 92 96 100

Q is the 25" item in the distribution. By assuming that the items are- equally spread
through each class, we calculate the value of the required item by means of proportions.
Now since the first 20 items lie in earlier classes, Q; isthe 25 — 20'= 5" item in aclass

th
of 25 items. This means it lies (ZESJ of the way into the class. Since this class has an

th
interval length of 5, (ZESJ of the way means that %x 5 =1isto be added to the lower

end. Now the quartile class starts at 16, so that the first quartileis 16+1=17.
75-69

Similarly, Qs =31 + x5 = 32.67. But, for a grouped data this approach may not

be suitable. Thus, it will be good to ook for a convenient way to finding quartiles.
Let us summarize the above example in the following formula:
The it quartile for agrouped frequency distributionis:

kn

cf,
Q. (k"quartile) = B, + | -2 f

k

k=1,2,3and
BL = lower class boundary of the K" quartile class
cfy, = the cumulative frequency before the K" quartile class
f = the number of observations (frequency) in the K" quartile class

i =the size of the class interval

Steps to find quartiles for grouped data

1 Prepare a cumulative frequency distribution.
kn th
2 Find the class where the K" quartile belongs: the [Tj item.

3 Use the formula above.
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Example 18 Find Q,, Q2 and Qs of the following distribution.

Ages (M cum. fr
20-24 5 5
25-29 7 12
30-34 8 20
35-39 18 38
40 - 44 2 40

Solution n =40,

th
Qs (47?) itemi.e. 10" item which fallsinthe 2" class. cf =5, f, = 7andi =5

1x — -5 Y
Q=245+ —4 — 5= 245+ 102515 AT

Q. =245 + 3.57 = 28.07

(2 x 40)" . o . . X
Q:is item= 20" item. Qyisfound in the 3" class.
: X44O 7 )% 20 - 12 8
Q=295+ | —————|5=295+ ( j5:29.5+ (—jS
8 8 8
=295+5=345

(3% 40\" . e / . "
Qsis W) item = 30" item, Itisfoundinthe 4™ class.

3 ><44O _ 20
=345+ | —4% - |5=345+
Q= 18 (

30 - 20 10 x5

j5=34.5+

Q:3=34.5+2.78=37.28

S a5+ 2
: 7

Q. = mediani.e. the 2™ quartile is the same as the median.
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174

© @& 10 | 14 | 15|17 | 19| 20 | 26

Find Q1, Q2, and Qs for each of the following data sets:

a 78,68, 19, 35, 46, 58, 35, 35, 31, 10, 48, 28
b 1,35,28,5,6,2,3,10,7,4,9,8

i 12|18 |20 2 | 4 | 4 | 1

The following are quintals of fertilizer distributed to fifty farmers (Y ou discussed
thisearlier).

24 19 26 28 29 25 32 22 24 18
32 13 31 26 18 18 26 14 24 24
28 32 23 16 24 19 34 31 13 36
16 23 32 41 34 24 31 23 18 42
6 8 24 26 34 18 32 19 28 14

a Find Q, Q, and Q.

b Find Q2 — Q1, Q3 — Q. and Q3 — Qy. Write your conclusion.

Prepare a grouped frequency distribution, using 10 classes for the data in
Question 2 and answer the following questions.

a  Find Qi Q@ and Qs.
b Find the median and compare your result with Q.

Find Q1, Q2 and Qs of the following data. It is a distribution of marks obtained in
amathematics exam (out of 40).

Marks 10-14 | 15-19 | 20—-29 | 30—-39

Number of students 7 12 8 9

a From the above data, if students in the top 25% are to be awarded a
certificate, what is the minimum mark for a certificate?

b If students whose scores are in the bottom 25% of the marks are considered
as failures, then what is the maximum failing mark?
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2 Deciles

The jtb decile for grouped frequency digtributions is calculated in a similar way as
follows.

Steps to find deciles for grouped data
1 = \

ind the class where the | decile belongs, which is the class that contains the
- th
(Ej item.
10
cf,

2 Usetheformula D, (jth decile): B, + 1Of i, ]=1,23,...,9.

c

in_

Where B_ = Lower class boundary of the j'" — decile class.
n= > f
cf, = cumulative frequency before the | — decile class.
f. = frequency of the j" — decile class
i =classsize

Example 19 Find D3 and D; of the following data.

weight frequency cum.fr.

40-49 6 6
50 -59 10 16
60 - 69 17 33
70-79 3 36

Solution

_(3x.36)". m.' . . y
a Dsis 1d item = (10.8)" item. Itisfound inthe 2" class.

[3 I 30\ 6) 10
SO0 Dy=495+ 10 o =495+48=543
[ th
b D; = (7 IOS6J item = (25.2)th item. It isin the 3 class
. 1 x36 _ 16
D, =595+ NT 10 =59.5 + 5.41 = 64.91.

175



Mathematics Grade 11

3 Percentiles

The j" percentile for grouped frequency distributions is calculated in a similar way as
follows:

Steps to find percentiles for grouped data

g th
1 Find the class where " percentile belongs, P; isthe (%} item

2  Usethefollowing formulato find P,
in_g
b
P =B+ 100 i
f

c

Where BL = Lower class boundary of the | percentile class.
n= > f
cf, = cumulative frequency above the j™ percentile class.
f. = frequency of thej" — percentile class
i = size of classinterval.
Example 20 Find Py and Pegfor the following frequency distribution.

weight frequency cum.fr.

40 - 49 6 6
50 - 59 10 16
60 - 69 17 33
70-79 3 36
th
Solution: Py =(2013036j item = (7.2)" item, which isin the 2" class.
20'x 36
. -'6
So Py =495+ % 10=495+12=50.7
. th
Pegiis (68 X 36) item=24.48" item, which is in the 3" class.
6836 _ .
So Pss=59.54+ MT 10 =59.5 + 4.99 = 64.49
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2

3

ol

Profit 1-100 | 101 -200 | 201 - 300 | 301 - 400 | 401 - 500 | 501 - 600

‘ No of shops 12 18 27 20 17 6

ACTIVITY 5 4

From the above frequency distribution, find the median, 2™ « :
quartile (Q2), 5" decile (Ds) and 50™ percentile (Pso). What do you S
observe? Did you see that median = Q. = Ds = Psy?

Find Q,, Qs, Da, Dg, P12, P4, Pg; for each of the following data sets:
a 78, 68, 19, 35, 46, 58, 35, 35, 31, 10, 48, 28

b &y 10 | 14 | 15|17 | 19| 20 | 26

8 1218|202 | 4| 4 |1

c [BERE 5-14| 15-24 | 25-34 | 35-44 | 45-54
o f 4 12 10 7 2

The daily profitsin Birr of 100 shops are distributed in the following table.
Find Q1, Qs, D4 and Py,

The following are quintals of fertilizer distributed to fifty farmers (Y ou discussed
thisearlier).

24 19 26 28 29 25 32 22 24 18
32 13 31 26 18 18 26 14 24 24
28 32 23 16 24 19 34 31 13 36
16 23 32 41 34 24 31 23 18 42
6 8 24 26 34 18 32 19 28 14
a  Find Qi Q, and Qs.
b Find Q2 — Qq, Q3 — Q2 and Qz — Qy. Write your conclusion.

Prepare a grouped frequency distribution, using 10 classes for the data in question
Answer the following questions.

a Find Ql, D3, and P7o.
b Find the percentile of the farmers who received more than 20 quintals.

c If a farmer receives more than 75 percentile, find the minimum amount of
quintals of fertilizer s/he receives.
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WY Measures of Dispersion

ACTIVITY §_.5 Akl

For preparing a development plan of a farmers associaion,
researchers collected the following information on the yearly income . == —
of 20 farmers. Here are their incomesin Birr 1000. —
10 15 20 12 13 20 8 9 10 6
12 13 8 14 5 6 8 20 12 6
a  What isthe mean yearly income of the farmers?
b Does the mean reflect the real living standard of each farmer?

c Before using the mean to reach to a conclusion, what other factors should be
considered?

In Grade 9, you learned about the different measures of variation. In this section, we
shall revise those concepts and see how to calculate them for grouped data.

Why do we need to study measures of variation?

Consider the following data: three copy typists A; B, C compete for a job. An exam is
given for five consecutive days to measure their typing speed (words per minute).

A: 48,52,50,45,55 X, =50
B: 10, 90,50, 41, 59 X, = 50
C: 50,50, 50,50, 50 X. =50

The average (mean) speed of all three is the same (50 words per minute). Which typist
should be selected? The next criterion should be consistency.

Definition 5.9

The degree to which numerical data is spread about an average value is called the
variation or dispersion of the data.

The common measures of variation that we are going to see are Range, Variance and
Standard Deviation.

Range
Range isthe difference between the maximum and the minimum values in adata set.

Range = Xmax = Xmin
Example 21 Find the range of

a 4,62 10,18, 25 b2 5]718]10

3 /4]9(2]6
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Solution:
a  Xmax= 25, Xmin=2 ; RaNg€ = Xmax — Xmn=25-2=23
b Range=10-2=8

Range for grouped data

Definition 5.10

Range for grouped data is defined as the difference between upper class boundary of
the highest class B, (H) and the lower class boundary of the lowest class Br(L). That is,

R = Bu(H) - Br(L)

Example 22 Consider the following data, what is the range of this distribution?

X 5-10 | 11-16 | 17-22
f 4 9 6

Solution:  From the grouped frequency distribution, the range is calculated using
Bu(H) =225, B (L) = 4.5

[ RF225-45=18

Advantages and limitations.of.range

Advantage of Range Limitation of Range
v' ltissimpleto v/ It only depends on extreme values.
compute v It doesn't consider variations of valuesin between.

v Itishighly affected by extreme values.

Variance and standard deviation

The standard deviation«is the most commonly used measure of disperson. The value of
the standard deviation tells how closely the values of a data set are clustered around the
mean. In genera, alower value of the standard deviation for a data set indicates that the
values of the data set are spread over arelatively small range around the mean. On the
other hand, alarge value of the standard deviation for a data set indicates that the values
of that data set are soread over arelatively large range around the mean.

Definition 5.11
Variance isthe average of the squared deviation of each item from the mean.
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Variance for ungrouped data
If X1, X2, X3, ..., Xn &€ N observed values, then variance for the sample datais given by

i(x - X)?

- R+t (%, - %) _ &
n n

Variance (s?) = (%

where, X = mean
& = variance.
n = number of values

The quantities x—X in the above formula are the deviations of x from the mean.

Definition 5.12
The positive square root of variance is called standard deviation.

Standard deviation (sd) = +/variance

Steps to calculate variance for ungrouped data

a Cdl culate the mean of the distribution.

b Find the deviation of each value from the mean and squareit.

c Add the squared deviations.

d Divide the sum obtained in step 3 by n.

Example 23 Find the variance and standard deviation of the following data.
20,16,12, 8, 18,5, 9, 24

20+16+12+8+18+5+ 9+ 24 _

Solution: X= 14
8

X X-X (x-x%)*
20 6 36
16 2 4

12 -2 4

8 —6 36
18 4 16

5 -9 81

9 -5 25
24 10 100
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3 (x —%)? =302

X —X°
LX) 2o
n

Variance & =

Y
Standard deviation s = Z(xn—x) =.437.75=6.14

If X4, X,... X, are values with corresponding frequenciesfs, fz...., fn, the variance isgiven by

R 0GR - 2 NP

S ]

Z f Zn: f
Steps to calculate variance from frequency distributions

a Find the mean of the distribution.

b Find the deviation of each item from the mean and squareit.
c Multiply the squared deviations by their corresponding frequencies and add.
d Dividethesumby > f, .

Example 24 Find the variance and standard deviation of the fol Ibwing data.

2 3 —4.88 23.8 71.44
5 4 —1.88 3.53 14.14
7 9 0.12 0.0144 0.1296
8 2 1.12 1.254 2.5088
10 6 3.12 9.73 58.41
24 > f(x -X)? = 146.63
Solutioh! X = @ =6.88
24
: D (x=%)? _ 146.63
variance, & = = =6.
. n 24

Standard deviation = /variance = /6.11 = 2.47
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Variance for grouped data

In agrouped frequency distribution, every classis represented by its class mark or
class midpoint.

The variance for grouped datais given by
2= Z fi (% - X)?
f

~ _1 __° wherex isthe midpoint of each class (clasé mark).

Steps to find variance from a grouped frequency distribution

a  Find the class mark for each class.

b Find the mean of the grouped data

¢  Find the deviation of each class mark from the mean and square it.
d  Find the sum of the squared deviations.

e  Dividethesum obtainedinstepdby ) f;.

Example 25 Find the variance and standard deviation of the following distribution.

age (x) frequency  class Xi-X  (=%)?  f(x—-%)
@ mark) o -7 -7 fe-7)
0-4 4 2 8 -5 25 100
5-9 8 7 56 0 0 0
10-14 2 12 24 5 25 50
15-19 1 17 17 10 100 100
. (3 fix =105 3 f,(x - X)° = 250
Solution: mean = M _ 105 _ 7
2
Variance Al WA “X)" _ 250 =16.67

> f 15
f(x =%)

Standerd deviation = |21 %) 129 - 408
Zfi 15
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Merits and Demerits of standard deviation

Merits

1 Itisrigidly defined.

2 Itisbased on all observations.
Demerits

1  Theprocess of squaring deviations and then taking the square root of their
mean is complicated.

2 It attaches great weight to extreme values, as squared deviations are used.

Exercise 5.10 |

1  Find the range, variance and standard deviation for each of the following data

a 18,2,4,6,10,7,9, 11 b 3,4,5,5,6,7,7,7

31 35 36 40 42 50
7 8 2 12 6 3

d Class 40-49 | 50-59 | 60—-69 | 70—79 | 80— 89
Frequency 10 16 14 10 12

2 Why do we study measures of variation?

3 If the standard deviation of X, X2, Xs,..., X, iS 3, then what is the sandard deviation
of 2x +3,2% +3,..., 2%, + 3?

4 The standard deviation of the temperature for one week in a certain city is zero.
What can you say about the temperature of that week?

5 Two basketball players scored points for their team. The scores were recorded for
9 games asfollows:

Player A 3 4 |56 |7 |8|9 |10 11

Player B 4 3|56 |78 9|9 1

a  Cdculate the standard deviation of the points of each player.

b Which player, A or B, is more consistent in scoring points for his team?
How do you know?
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6 Consider the following raw data representing yield of Barley (in quintals) of three
farmers from their respective hectare of land for consecutive 8 years.

EElpEe e 12 | 14 11 | 13 | 17 | 18 | 12 | 13 | 11

eldgEeas 14 | 13 | 15 | 13 | 14 | 13 | 15| 13 | 13

Farmer 3 Wi 5114 | 3 |17 | 8 | 4 |12 |13

a Determine the range, variance and standard deviation of each of the three
farmers.

b Who of the farmers has higher variation in yield? What does this tell?

Who of the farmers has lesser variation in yield?

o

o

Who of the farmers has consistent yield?

Do the following in groups. Apply as many of the formulae as
necessary.

1 Design and carry out a questionnaire survey to find out how students in your
school spend their spare time. Y ou need to find out:

a  the average hoursthey spend on entertainment (watching TV, games, €tc);

b  the average hoursthey spend on chores (to help their family, to earn money,
etc);

c the average hours they spend on study;
d the average mark obtained at the end of the year.

e Can you conclude anything about the effect of the way they use their spare
time on their academic performance?

2 Investigate how students come to school, by taking a sample. Do they come by
bus, car, on foot, cycle or any other means? How does this relate to family
income, distance of school from home, gender, etc?

3  Takeasample of students and measure and record their heights, weights and ages.
Consider questions like whether or not their heights are as expected for their age
groups. You could take their gender and weight into consideration.
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PROBABILITY

In Grade 9, you have studied basic concepts of probability. In this section you will
revise some definitions before we proceed to the next section. -

1 AnExperiment isan activity (measurement or observation) that generates results
(outcomes).

2 AnOutcome (Sample point) isany result obtained in an experiment.
3 A Sample Space (S) isaset that contains all possble outcomes of an experiment.
4 AnEvent isany subset of a sample pace.

Example 1 When a"fair" coin istossed, the possible results are either head (H) or
tail (T). Consider an experiment of tossing afair coin twice.

a  What are the possible outcomes?
b Givethe sample space.
c Give the event of H appearing on the second throw.

d  Givetheevent of at least one T appearing.

Solution:
a HH, HT, TH, TT c A={HH, TH}
b S={HH, HT, TH, TT} d B ={HT, TH, TT}

In tossing a coin, if the coin isfair, the two possble outcomes have an equa chance of
occurring. Inthis case, we say that the outcomes are equally likely.

Probability of an event (E)

If an event E can happen in mways out of n equally likely possibilities, the probability
of the occurrence of an event E is given by

P(E) = number of favourable outcomes _ n(E) _m
. “total number of possibleoutcomes  n(S) n

Example 2 A box contains4 red and 5 black balls. If one bal isdrawn at random,
what is the probability of getting a

a redbal? b black bal?
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Solution Letevent R = ared bal appears and event B = ablack ball appears. Then,
niS) 9 nes) 9
Example 3 If anumber isto be selected at random from the integers 1 through to10,
what is the probability that the number is
a odd? b divisible by 3?
Solution S={1,2,3,4,5,6,7,8,9, 10}

a P (R

number of odds _ S
total numbers 10

a oddistheevent E={1, 3,5, 7, 9} =P (odd) =

U
2

b divisible by 3 istheevent E = {3, 6, 9}=P (divisible by 3) = 1—3;)

ACTIVITY 5.6

A fair dieistossed. What is the probability of getting

a the number 4? b an even number?
C the number 7? d either 1, 2, 3,4, 50r 6?

e anumber different from 5?

¥l Permutationand Combination

In the previous example of tossing afair coin twice, the number of dl possible outcomes
was only four. To find the probability of the event A = {HH, TH}, you have to count the
number of outcomesin event A (which is2) and divide by n (S). Thus we have

Now, if the experiment-is tossing a coin five times, what is the total number of possible
outcomes? If an event E is defined by "3 heads and 2 tails", then how do you find n(E)?

From this, you can observe that counting plays a very important role in finding
probabilities of ‘events.

In this section, you shall see some mathematical techniques which will help you to
simplify. counting problems.. When the number of possible outcomes is very large, it
will be difficult to find the number of possible outcomes by listing. So you have to
investigate different .counting techniques which will help you to find the number of
elementsin an event and apossibility set.
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Fundamental principles of counting

There are two fundamental principles that are helpful for counting. These are the
multiplication principle and the addition principle.

Multiplication principle
Before we state the principle, let us consider the following example.

Example 4 Suppose Nuriawants to go from Harrar via Dire Dawato Addis Ababa.
There are two minibuses from Harrar to Dire Dawa and 3 buses from
Dire Dawato Addis Ababa. How many ways are there for Nuriato
travel from Harrar to Addis Ababa?

Solution: Let M stand for Minibus and B stand for Bus.

M

1
Harrar N Dire Dawa
M,

Addis Ababa

There are (2 x 3) = 6 possible ways.
These are MlBl, Mle, MlB3, MzBl, Msz, MzB3.
The example above illustrates the Multiplication Principle of Counting.

If an event can occur in m different ways, and for every such choice another event can
occur in n different ways, then both the events can occur in the given order in m x n
different ways. That is, the number of ways in which a series of successive things can
occur is found by multiplying the number of ways each thing can occur.

In the above illustration, Nuria has two possible choicesto go from Harar to Dire Dawa
and three aternatives from Dire Dawato Addis Ababa.

The total number of waysis2x 3 =6.

Example 5 Suppose there are 5 seats arranged in arow. In how many different ways
can five people be seated on them?

Solution:  The first man has 5.choices, the 2™ man has 4 choices, the 3" man has 3
choices, the 4™ has two choices, and the 5" has only one choice.
Therefore, the total number of possible seating arrangementsis

Ex4x3x2x1=120.

Example 6 Supposethat you have 3 coats, 8 shirts and 6 different trousers. In how
many different ways can you dress?

Solution:  3x8x 6= 144 ways.
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Addition principle

If an event E; can occur in mways and another event E, can happen in n ways, then
either of the events can occur in n + mways. Thisistrue when E; and E, are mutually
exclusive events.

Two events are said to be mutually exclusive, if both cannot occur simultaneousdly.

In tossing a coin, Head and Tail are mutually exclusive events because they cannot
appear at the sametime.

Example 7 A question paper has two parts where one part contains 4 questions and
the other 3 questions. If a student has to choose only one question, from
either part, in how many ways can the student do it?

Solution:  The student can choose one questionin4 + 3 =7 ways.

Combined counting principles

The fundamental counting principles can be extended to any number of sequences of
events.

Example 8 A question paper has three parts: language, arithmetic and aptitude tests.
The language part has 3 questions, the arithmetic part has 6 questions and
the aptitude part has 5 questions. If a student Is expected to answer one
question from each of two of the three parts, with arithmetic being
compulsory, in how many-ways can the student take the examination?

Solution:  The student can either take language and arithmetic or arithmetic and
aptitude. Thisgives3 x 6 + 5 x 6 =48 possbilities.

1 In an experiment of selecting a number from 1 — 10, which of the following
cannot be an event?

a  Thenumberis“even and prime’.
b The number is“even and multiple of 5”.
c  Thenumberis multiple of 3.
d  Thenumber iszero.
2 Inanexperiment of tossing three coins at atime,
a  Determine the sample space.
b Find the probability of getting two heads.
3 A box contains 2 Red and 3 Black balls. If two balls are drawn at random,
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a  Determine the possble outcomes
b Find the probability of getting 2 Red balls.
c Find the probability of getting 1 Red and 1 Black balls.

4 Suppose you have six different books. In how many different ways can you
arrange these books on a shelf?

5 There are three gates to enter a school and two doorsto go into a classroom. In
how many different ways can a student get into a dass from outsde?

6 In a classroom there are 50 students from whom 27 are female students. If one
student is selected at random, what is the probability of getting male sudent?

Suppose there are only three seats and there are five people to be seated.
In how many ways can these people be seated on the three seats?

Definition 5.13

For any positive integer n, n factorial denoted asn! is defined as
nN=nxn-1)xMN-2)x(N-3) x...x3x2x1

We define O! = 1.

Calculate

a 3! b 5l c g
4

a 3=3x2x1=6 b SI=5x4x3%x2x1=120

| |
¢ 8 8x7Tx6x5xA g, 7x6x5=1680
4 4

Permutation

Definition 5.14

A Permutation isthe number of arrangements of objects with attention given to the
order of arrangements.

In Example 5 above, the 5 people can be arranged in 5 seatsin
5x4'x 3 x2x1=120 ways.

The number of permutations of a set of n objects taken all together is denoted by P(n, n)
or nPnand is equal to n!

Thus, P(n, n) =n!

189



Mathematics Grade 11

Example 11
a  Giveall the permutations of three letters A, B and C.

b Suppose we have 5 people to be seated in only 3 seats. In how many ways
can they sit?

Solution:
a  Thethree letters A, B and C can be arranged in
P(3, 3) =3! =3 x 2 x 1 = 6 different permutations.
These are: ABC, ACB, BAC, BCA, CAB and CBA.

b Thefirg chair can be filled by any one of the 5 people, the second by any one
of the remaining 4 people and the third by any of the remaining 3 people. By
the multiplication principle, this gives 5 x 4 x 3 = 60 possibilities.

5x4x3x2x1 5l b5l ;

60=5%x4x%x3= =—=
2x1 2! (5-3)!

Definition 5.14

The number of permutations of n objects taken r at a time, where 0 <r < n, is

denoted by P(n, r) or ,P; and isgiven by P(n,r) =

Do the following in groups

1 Compute the following.
a P b gPs c 1000P999

2 Five students are contesting an election for 5 places on the committee of the
environmental protection club in their school. In how many ways can their names
be listed on the ballot paper?

3 From the letters A, B, C, D, E, how many three — letter "words' can be formed?
(the words need not have meanings)

4 Consider theword CALL. If you think of the two Ls as different, say L1 and Lo,
then CL,;AL, and CL,AL; would have been different. But, asit happens, L; and
L, represent the same letter L. Taking this into consideration, find all the 12
(distinct) permutations of CALL.
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Permutation of duplicate items

If there are n objects with n; alike objects of afirst type, n; alike objects of a second
type, ..., and n; aike objects of the rth type, where n; + n; +...+n, = n, then there are
I
S permutations of the given n objects.
n!n,t---n!
For the above group work, in the word CALL, the number of permutations will be
4!

=12
2!

1 Find the Factoria of each of the following numbers
a 6 b 8 c 12

2 How many four — digit numbers can be formed from the digits 1, 3, 5, 7, 8 and 9
where a digit is used at most once?

a if the numbers must be even? b if the numbers are less than 30007

3 Two men and awoman are lined up to have their picture taken. If they are
arranged at random, find the number of ways that

a  thewoman will be on the left in the picture.
b thewoman will bein the middle of the picture.

4 Find the number of permutations that can be made out of the |etters of the word
"MATHEMATICS". In how many of these permutations

a  dothewords start with C? b do al the vowels occur together?
c do the words begin with H and end with S?

5 Inalibrary there are 3 Mathematics, 4 Geography and 3 Economics books. If each
of them will be put on a shelf and each type of abook are identical, in how many
ways can these books be arranged?

6 Vq|fy that nPn-1=nPn.

Circular permutations

Is there a difference between arrangements of objects in a straight
line and around a circle? Consider three letters A, B, C and try to
find the number of different permutations along a circle. Since it is
difficult to indicate the relative position of objects in a circle, we
fix the position of one object and arrange the remaining objects.

If n objects are to be arranged on acircle (along the circumference of acircle), then the
number of circular permutationsis given by (n— 1)!
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G
a 7 people are to sit around a circular table. In how
. G G
many different ways can these people be seated?
b Inhow many ways can 6 boys and 6 girls sit around
atable of 12 seats, if no two girlsareto St together? G G
G

a  Thenumber of waysthese 7 people sit around around tableis
(7-1) ! =6! =720 ways.
b First allot seats to the boys, as shown in the diagram.
Now the 6 boys cansit in (6 —1)! = 5! = 120 ways.
Next the 6 girls can occupy seats marked (G). There are 6 such seats. Thiscan be

done in gPs = 720 ways. By the Fundamental Principle of Counting, the required
number of waysis

120 x 720 = 86,400 ways.

Combination

Before you define the concept of combinations, see the following example that helps to
illustrate how it is different from permutations.

Three students A, B and C volunteer to serve on a committee: How many different
committees can be formed containing two students?

. 3! .
Let us try to use permutations of two out of three: 3P, = ﬁ =6. The possible
arrangements are AB, AC, BC, BA, CA, CB. But AB and BA, AC and CA, BC and CB
contain the same members. Hence AB and BA cannot be considered as different

committees, because the order of the members does not change the committee.

Thus, the required number of possible committee members is not six but three: AB, AC
and BC. This example |leads us to the definition of combinations.

Definition 5.15

The number of ways r objects can be chosen from a set of n objects without
considering the order of selection is called the number of combinations of n objects
taking r of them at atime, denoted by

n
C(n,r) =@= C".and defined by C(n,r) =

L 0<
(n=r)!r!

To arrive at aformulafor ,C;, observe that the r objectsin ,P, can be arranged among
themselvesin r! ways.
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n!
P _(m-r_ n
e (n=r)!r!
Therefore, the number of possible combinations of n objects taken r a atime isgiven
by the formula

n_ _ n
(rj— C(n,r)—m ,O<I’Sn

From this, you can see that the number of ways that a committee of two members can be
selected from three individuals is given by

|
C@32 = i| =3 ways.

Hence, C(n,r) =

12!
Example 13 Compute the following.
a C(6,2 b C(10,4)
Solution:
I I I
a C(62)= 6! _ 6 :6x5x4.:15
(6—-2)12! 4121 A4lx2x1
I
b ca04=-2 =290
6!4!

ACTIVITY 5.7

Show each of the following.

a Chno0)=1 b C(n,r)=C(n,n-r)
AT
C + =
r r-1 r
Example 14

a In an examination paper, there are 12 questions. In how many different
ways can a student choose eight questionsin al, if two questions are
compulsory?

b In how many different ways can three men and three women be selected
from six men and eight women?

c In how many ways can Bekele invite at least one of his friends out of 5
friends to anart exhibition?

d A committee of 7 students has to be formed from 9 boys and 4 girls. In how
many ways can this be done when the committee contains

[ exactly three girls? ii at least three girls?
il 2girlsand 5 boys?
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194

a  Since 2 quedions are compulsory, the student is left with a choice of
selecting 6 questions from the remaining 10 questions.

|
Hence, he/she can doiit in C (10, 6) waysi.e. C (10, 6) = i—%‘ =210 ways.

6
b Three menfrom six can be selected in [:J ways. Three women from 8 can

8
be selected in (:J ways. Therefore, the total number of waysthat a

committee of three men and three women be selected out of 6 menand 8
women is given by

6) (8
(3} X (3} = 20x%56 =1120 ways (by the Multiplication principle).
c At least one means that he can invite either.one, two, three, four or five.

Therefore, the total number of ways in which he can invite at least one of his
friendsis given by (Addition principle)
C(h1)+CB2+C(BIHY+C(4)+C((5=5+10+10+5+1=31.
d i When exactly 3 girls are included in the committee, the remaining
members will be 4 boys.

[ THe total number of ways of forming a committeeis
C(4,3) x C(9, 4) =4 x126 =504 ways.

il Atleast 3 girlsareincluded meansthe committee will consist of either
3 girlsand 4 boysor 4 girlsand 3 boys.

[_Tdtal number of waysof forming acommitteeis given by
[C(43)x CO4)]+[C(44)x C(93)]=4x126+1x 84
=504 + 84 = 588 ways.
il Two girlsand 5 boys can be selected in
C(4,2)x C(95) = 6x 126 =756 ways.

Compute each of the following.
a C(0) b C(nn) c C(86)
If C(n,6)=C (n, 4), findn.

In how many ways can a committee of 5 be selected from 10 people willing to
serve?
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A committee of 5 students has to be formed from 9 boys and 9 girls. In how
many ways can this be done when the committee consists of

a 2grlsand3boys? b  al boys? c all girls?
d atleast 3 boys? e  atmos 3qgirls?

In Ethiopiathere are 20 Premier league Soccer teams.

a In one round how many games are there?

b If five of the teams represent one company, find the number of ways pairs of
teams representing different companies can play a game.

In abox there are 3 red, 4 white and 5 black balls. If we choose three balls at
random, what is the number of ways such that:

a one ball iswhite? b 3 of them are black? ¢ a most 2 arered?

¥¥| Binomial Theorem

1
2
3

Do the following in groups:

For any 1 <n <5, expand (a+ b)".

Generalize the formula for any natural number n.

Answer the following from what you have donein 2 above :
a How many terms are there?

b What isthe pattern you notice concerning the exponents of "a" ? What
about the exponents of “b”?

Given aterm, what is the sum of the exponents of a and b?
Give the coefficients of the first and the last terms.

Can you express the coefficients using combination notation?

- ®O o O

Complete the “ Pascal’ striangle” given below.
Lo Coefficient in (a + b)°
1 oo Coefficientsin (a + b)*
1 2 Lo Coefficientsin (a + b)?
.............. Coefficientsin (a + b)®
............ Coefficientsin (a + b)*
......... Coefficientsin (a + b)®

g Consider the termsin the middle. How is aterm there related to the two
termsimmediately aboveit?

h How does your observation relate to Activity 5.7 c?
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ACTIVITY 5 8

Using Pascal's Triangle, expand (a + b)®, (a+b)’ and (a + b)®,

Binomial theorem

For anon — negative integer n, the binomial expansion of (x + y)" is given by

(x+y)'=C(n,0)x"+C(n1)x" " y+C(n2)x" 2y’ +...+C(nr)x""y +33#C(n,n)y"

Example 15 Expand (x + y)*.

Solution: (x+y)*=C (4,00 X* + C(4,1) XCy + C(4,2) xXoy* + C(43) xy* + C(4,4) Y’
= X'+ 4y + 6y + Axy’ +

Exemple 16 Find the coefficient of xy* in the expansion of (x + y)°.

Solution :  (x+y)5= @m@ x4y+@x3y2 @xzyu@ xy4+£:Jy5.

Exercise 5.14 |

1 Expand each of the following using the Binomial Theorem:
a (a+b) b (a+b) ¢ (3x—4y)°
2 Without writing al the expanded terms, answer the following

a  What isthe coefficient of a’b° in the expansion of (a + b)®?

b What isthe coefficient of a*b® in the expansion of (a + b)®?

Cc  What isthe coefficient of the term containing a’ b* in (a + b)®?
3 In expanding (x + y)? find the terms that have equal coefficients.
4 Inthe expansion of (a + b)°

a How many terms are there?

b Find the terms whose coefficient is 45.
5 Intheexpansion of (2x + 5y)°

a  What isthe coefficient of the term x%y>?

b Find the terms whose coefficient is 400.

4
6 Find the constant term in the expansion of (x + %)
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X Random Experiments and Their Outcomes

At the beginning of this section, you saw the basic definitions of experiment, event and
sample space. In this section, you will use these terms again and aso see additional
concepts. :

Definition 5.16

A random experiment is an experiment (activity) which produces some well
defined results. If the experiment is repeated under identical conditions it does not
necessarily produce the same results.

Example 17 Give the outcomes for each of the following experiments.

a  Tossingacoin b Tossng apair of coins

c Rolling adie d Rolling-a pair of dice .
Solution:

a {H, T} b {HH, HT, TH, TT} c {1,2,3,4,5,6}

d (1,1 (1,2) (1,3) (1,4) (1,5 (1,6)

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
(4,1) (4,2) (4,3) (4,4) (4,5 (4,6)
(5,1) (5,2) (5,3) (5,4) (55) (5,6)
(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

Outcomes of a random experiment are said to be equally likely when there is no reason
to expect any one of the outcomes in preference to another. That is, each element has
equal chance of being chosen.

Example 16 If a fair die is thrown, any one of the outcomes 1, 2, 3, 4, 5, 6 has an
equa chance of appearing at the top. Therefore, they are considered as
equaly likely.

In arandom experiment, the outcomes which insure the happening of a particular result
are said to be favourable outcomes to that particular result.
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a  Afardieisthrown. How many favourable outcomes are there for getting
an even number?

b In picking a playing card from a pack of 52 cards, what is the number of
favourable outcomes to getting a picture card?

a There are 3 favourable outcomes. These are 2, 4 and 6.

b There are 12 favourable outcomes - 4 Jacks, 4 Queens and 4 Kings.

Four Jacks Four Queens Four'Kings

¥ Events

Recall that any subset of a sample spaceis called an event and is usually denoted by E.
Anevent is a collection of sample points.

Figure 5.1

The four faces of aregular tetrahedron are numbered 1, 2, 3 and 4. If itis
thrown and the number on the bottom face (on which it stands) is
registered, then list the events of this experiment.

The sample space={1, 2, 3, 4}.
The possible events are{ 1}, {2}, {3} and {4}.

ACTIVITY § O

List some events of the following experiments.

a  Tossing acoin three times.
b Inspecting produced items.
c Selecting a number at random from integers 1 through to 12.
d Drawing a ball from a bag containing 4 red and 6 white balls.

e A married couple expecting a child.
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Types of events

a  Simple Event (Elementary Event) isan event containing exactly one
sample point.

In atoss of one coin, the occurrence of tail isasimple event.

b Compound Event When two or more events occur smultaneously, their
joint occurrence is known as acompound event, an event that has more than
one sample point.

When adieisrolled, if you are interested in the event "'getting even
number", then the event will be acompound event, i.e. { 2, 4, 6}.

We can determine the possible number of events that can be associated with an
experiment whose sample space is S. As events are subsets of a sample pace, and any set
with m elements has 2™ subsets, the number of events associated with a sample space
with m dementsis 2™ (Sometimesthis is called the exhaustive number of events).

Suppose our experiment istossing afair coin. The sample space for this
experimentisS={H, T}. Thus, this sample space has atotd of four
possible eventsthat are subsets of S: Thelist of the possible eventsis{ },
{H} {T}, and{H, T}.

Occurrence or Non-occurrence of an event

During a certain experiment, there are two possibilities: associated with an event,
namely, occurrence or non-occurrence of the event.

If adieisthrown, then S={1, 2, 3, 4, 5, 6}. Let E be the event of getting
odd number, then E = {1, 3, 5}. When we throw the die, if the outcomeis
3, as 3[E1then we say that E has occurred. If in another trial, the
outcome is 4, then as 4 [E, e say that E has not occurred (not E).

c Complement of an Event E, denoted by E ' (not E) consists of all events
in the sample space that are not in E.

Let adieberolled once. Let E be the event of a prime number appearing
atthetop i.e. E={2, 3, 5}. Give the complement of the event.

E'={1,4,6}.

E'=S-E={w: wlLSand w [E}
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Algebra of events

ACTIVITY 5.10

Discuss the following:

a  Union and intersection of two events:
b State properties of union and intersection.
c What are exhaustive and mutually exclusive events?

d  When aretwo events called independent?

Since events are sets (subsets of the sample space) one can form union,
intersection and complement of them. The operations obey algebra of sets, like
commutativity, distributivity, De Morgan'slaws and so on.

d Exhaustive Events are events where at least one of them must
necessarily occur every time the experiment is performed.

Example 25 If adieisthrown give instances of exhaustive events.

Solution: The sample spaceisS={1, 2, 3, 4, 5, 6}. Fromthis, the events{ 1},
{2}, {3}, {4}, {5}, {6} areexhaustive events. The events{1, 2}, {3, 4},
{4, 5, 6} are dso exhaustive events for this experiment.

More generally, events E;, E, ..., E, form aset of exhaustive events of a sample space
Swhere E ,E,,...,.E, aresubsetsof Sand E,UE,U...UE, =S.

e Mutually Exclusive Events are events that cannot happen at the same
time.

EV

Figure 5.2

Example 26 Say whether. or not the following are mutually exclusive events.
i When a coinis tossed once, the events{H} and { T}.
ii When adieisrolled, E; = getting an even number

E, = getting a prime number
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[ Either we get head or tail but we cannot get both a the same time. Thus,
{H} and {T} are mutually exclusive events.

& @&

EiNE:=[1

ii E:1 and E; are not mutually exclusive because 2 is even and prime at the same
time.

Exhaustive and Mutually Exclusive Events: If\ S is a sample space
associated with arandom experiment and if E1, Eo, ..., E, are subsets of Ssuch that

i E.NE, = Cfori#jand,

i E,UE,U...UE, = S, then the collection of the events E;, Ej,..., En
forms a mutually exclusive and exhaustive set of events.

If adie isthrown, the events {1}, {2}, {3}, {4}, {5}, {6} are mutually
exclusive and exhaustive events. But, the events {1, 2}, {3, 4}, {4, 5, 6}
are not because {3, 4}({4,5,6} # 1

Independent Events: Two events are said to be independent, if the
occurrence or non occurrence of one event does not affect the occurrence or non-
occurrence of the other.

In a simultaneous throw of two coins, the event of getting a tail on the
first coin and the event of getting a tail on the second coin are
independent.

If*a card is drawn from ‘a well shuffled pack of cards and is replaced
before drawing a second card, then the result from drawing the second
card isindependent of the result of the first drawn card.

Dependent Events Two events are said to be dependent, if the occurrence or
non occurrence of one event affects the occurrence or non-occurrence of the other.

If acard is drawn from a well shuffled pack of cards and the card is not
replaced, then the result of drawing a second card is dependent on the
first draw.
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P Probability of an Event

In grade 9, you dedt with an experimental approach to probability. You aso discussed
the definition of theoretical probability of an event. Probability can be measured by
three different approaches.

a  Theclassical (mathematical) approach.
b Theempirical (relative frequency) approach.
c  Theaxiomatic approach.

a The classical approach

Thisisthe kind of probability that you discussed in grade 9. In the classical approach to
probability, if al the outcomes of arandom experiment are equally likely and mutually
exclusive, then the probability of an event E is

n(E) _ number of outcomes favoring'E

n(S) number of all possible outcomes

Example 31 A fair dieistossed once. What isthe probability that an even number
appears?

P(E) =

Solution:  E=aneven number showsup ={2, 4, 6}. Then, P(E) = Py =—==

b The empirical approach

This approach is based on the relative frequency of an event (or outcome) when an
experiment is repeated a large number of times. Here, the probability of an event E is
the proportion of outcomes favourable to E in the experiment.

frequency of E b fe
total number of observations”™ N

Example 32 If records show that 60 out of 100,000 bulbs produced are defective (D),
then the probability of a newly produced bulb being defective is given by
f 60

P(D)= -2 = = 0.0006
N 100,000

Thus, P(E)=

c The axiomatic-approach

In this approach, the probability of an event is given as a function that satisfies the
following definition:

Let' S be the sample space of a random experiment. With each event £ we
associate a real number caled the probability of E, denoted by P(E), that
satisfies the following properties called axioms (or postulates) of probability.
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1 O<P(E)<1

2 P (S) = 1, Sisthe sample space (the sure event)

3 If E and E, are mutually exclusive events, then
P (E\UE) = P(E) + P(E)

P isafunction with domain the set of subsets of S (Sample space) and itsrangeisthe set of
real numbers between 0 and 1 (both inclusive). Thus we note the following:

a  Theprobability of an event is always between O and 1.
b If E = [{fHe impossible event), then P ( ) =10, and if E = S(the certain event),

then P(S) = 1.
c IFEUE'=SthenP(EUE")=P(S=1,and P(E) =1—-P(E), whereE'=S\E
(not E).

Example 33 A box contains 6 red bals. One ball is drawn at random. Find the
probability of getting :
i ared ball ii awhite ball
Solution :
i The box contains all red balls. Hencewe are sure that red will occur. Then,
the probability of getting ared bal isone. -
. ~_n(R) _6 _
Thatis, P (R) = @ =g =1
ii The box contains nowhite balls. The chance of getting white ball is
impossible, and the probability is zero.

ThatIS,P(VV)ZEZE—O

Example 34 A bagcontains 3 red, 5 black, and 4 white marbles. One marble is drawn
at random. What is the probability that the marble is

a black b not black
Solution '
a  Pblak) = =
. 12

b P(notblack)=1~P(black) ...... complementary events
A5 _ 71
L1212

Thus, P (black) + P (not black) = = + - = 22 =

12 12 12
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Example 35 Which of the following cannot be valid assignments of probabilities for
outcomes of sample space S= {wi, Wy, W} wherew; (w; = Cifli #j.

W W ‘ W3
a 0.3 0.6 0.2
0.2 0.5 0.3
C 0.3 -0.2 0.9
Solution
a is not valid assignment because the sum of the probabilitiesis not 1.
b isvalid; al the properties in the axiom above are satisfied.
c is not valid because probability cannot be negative.

Odds in favour of and odds against an event

If m and n ae probabilities of the occurrence and non-occurrence of an event
respectively, then theratio m: nis caled the odds in favour of the event.

Theration : miscalled the odds against the event.
Example 36 The odds against a certain event are 5 : 7. Find the probability of its

occurrence.
Solution Let E be the event. Then, we are given that number (not E) =5 and
number (E) =7.
NS =n(notE) +n(E)=5+7=12
7
[PIE)= —.
12
Example 37 The oddsin favour of an event are 3 : 8. Find the probability of its
occurrence.
Solution n(E) =3, n(not E)=8. Thusn (5 =3+8=11.
3
[PE)=—.
) 11
Rules of probability

In the last section, you: have seen different types of events and approaches to
probability. We will now discuss some essentia rules for probability and probabilities
of the different types of events.
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ACTIVITY 5.11

For two events E; and E, discuss what conditions apply to the ,_\,‘k
following rules. -

a P(E1U E2)=P(E1)+P(E2)—P(Elﬂ Ez)

b PEUE)=P(E)+P(E)

c Illugtrate each of the above by using a Venn diagram.
In your previous discussions, you saw how to determine probabilities of events.
Example 38 Find the probability of obtaining a6 or 4 in oneroll of adie.

Solution In oneroll of adie, the sample spaceisS={1,2, 3,4, 5, 6}.
Obtaining 6 or 4 givesthe event E = {4, 6}.

number of outcomes: favouring E 2 1
ThusP (4 or6) = P(E) = number of all possible outcomes "6 3

Trying to calculate probabilities by listing all outcomes and favourable outcomes may
not always be convenient. For more complex situations, there are rules we can use to
help us calculate probabilities.

Addition rule of probability

From previous discussions, recall that, if E1, Ez, ..., Enform aset of exhaustive events
of asample space S, then E; UE> U . .\UE, = S. Moreover, the probability of an event
E, i.e. P(E) isgiven by
P(E) = number-of outcomes favoring E _n (E) .
total number.of ‘otucomes in the samplespace n (S)

With these we can easily calculate probabilities of compound events by making use of
the addition rule stated below.

Addition rule
If E; and E; are any two events, then,
P(E1U Ep) = P(Ey) + P(E2) — P(E1 N Ep) and
if the events are mutually exclusive, (i.e., E; N E; = D) ilen P(E; N E,) = 0 so that
P(E1U Ep) = P(E1) + P(Ey).
Example 39
a Find the probability of obtaining a6 or 4 in oneroll of adie.
b Find the probability of getting Head or Tail in tossing a coin once.
c A dieisrolled once. Find the probability that it iseven or it is divisible by 3.
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a  Let E; beevent of getting 6, E2 be event of getting 4.
Then E; and E; are mutually exclusive events
1 1 2 1
E.UE)=PE)+P(E)==+==2=2,
[PIE. UE) =P (E) + P (E) s 676 3
b Theeventsare mutualy exclusive
[—PWH or T) = P(H) + P(T) = %+ % -1,

c S={1,23456}
Let E; = gettingeven={ 2, 4, 6}.
E> = getting anumber divisible by 3 ={3, 6}.
Then E; and E; are not mutually exclusive, because E; n E; = {6}
[P(kven or divisible by 3) = P(even) + P(divisible by 3) — P(even and divisible by 3).
_3,2.1_ 1 4\p
6 6 6 2 36 3
This shows the addition rule of probability with two events. What do you think the rule
will be for three or more events? The rule can be extended for afinite number of events,
but becomes increasingly complicated. For example, for three eventsit becomes:

P(E; U E, UE>)
= P(El) + P(Ez) + P(Eg) — P(ElﬂEz) — P(Elﬂ Eg) — P(Ezﬂ Eg) + P(Elﬂ EN Eg)

Multiplication rule of probability

Thisruleis useful for determining the probability of the joint occurrence of events. It is
based on the concepts of independence or dependence of events, discussed earlier. Let
us take a brief revision of independent and dependent events.

When the occurrence of the first event affects the occurrence of the second event in
such away that the probability is changed, the events are said to be dependent.

A bag contains 3 black and 2 white bals. We draw two balls one after the
other with replacement (the second is drawn after the first is replaced).
Find the probability that the first bal is black and the second ball isaso
black.

Let event' A bethefirst ball is black.
Let event B'bethe second ball is black.

Then P (A) = g and P(B) = g (Since the ball is replaced, the sample space is not

affected).
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Example 41 Suppose we repesat the experiment in Example 39, but thistime the first
ball isNOT replaced. Thistime

P(A) = P (thefirst ball is black) = g
If the first ball is black P(B) = % (oneblack ball has been removed)

If the first ball was NOT black P(B) = %

Recognizing dependence or independence is of paramount importance in using the
multiplication rule of probability. When occurrence of one event depends on the
occurrence of another event, we say the second event is conditioned by the first event.
Thisleadsinto what is called conditional probability.

Conditional probability

If E; and E; are two events, the probability that E, occurs given that E; has already
occurred is denoted by P (E; | E;) and is called the conditional probability of E, given
that E; has already occurred. If the occurrence or non occurrence of E; does not affect
the probability of E, or if E; and E> are independent, then P (Ez | E1) = P (E2). Thisis
often called the multiplication rule of probability.

Multiplication rule of probability

If E1 and E:2 are any two events, the probability that both events occur,
denoted by P (E; and E») = P (E1NE2) = P (E1 E) isgiven by
P (E1 N E) = P (Ey) x P (E2| E1), whenever P (Ey) ZO0.

= P (Ey) xP (E:1| E2), whenever P (E,) Z0.

If E; and E; areindependent, then P (E; | E1) = P (Ey).
Hence, P (E1 N E) = P (Ey) x P (Ey) for independent events E; and E,.

Example 42

a A box contains 3 red and 2 black balls. One ball isdrawn at random, is not
replaced, and a second ball is drawn. Find the probability that the first ball
is red and the second is black.

b Adieisrolled and acoinistossed. Find the probability of getting 3 on the
die and atail in the coin.

c - A bag contains 3 red, 4 blue and 3 white balls. Three balls are drawn one
after the other.’ Find the probability of getting ared bal on the first draw, a
blue ball on the second draw and awhite ball on the third draw if
[ each bal is drawn, but then is replaced back before the next draw.

ii the bdls are drawn without replacement.
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Let E; = getting red in the first draw.
E> = getting black in the second draw.

P(ElpEz) P(El)XP(E |E1)__ T ==,

Let E; = getting 3onthedieand E; = getting tail on the coin.
Since the two events are independent,
1 1 1
P(EE)=P(E) xP(E)==x==—
(Ei[Ez) =P (E)) xP(Ep) = ST
Let E; = getting red, in thefirst draN,
E, = getting blue in the second draw,
Es = getting white in the third draw.
[ The bdls are replaced after each draw. The events are independent.
3_ A8 )36 9
P(E. [ E P(Ey) x P(Ep) X P(Eg) = —xioXx—=—=——.
(E1 (NEz (1 Es) = P(Ey) x P(Ez) x P(Es) 1090710 " 1000 ~ 50

ii The balls are not replaced, so events are dependent .

43 1
P(E:( E; (1 Es) = P(Ex) X P(Es | Ex) X P(Es| Eyand E) = %x§x§= 1

1 20
| Exercise5.15 |

1  Adieisrolled. What isthe probability of scoring

a

47 b 3or5?

2 Inthrowing adie, consider the following events.

o 9

o O
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E; = the number that shows up is even

E, = the number that shows up is prime

E3 = the number that shows up is more than 3
Determine the event E; [ E3

Determine the number of dementsin E; [Ez
Determine the number of dementsin P(E; [Ez [Es)
Determinethe P(E; (Ez)

Determine the P(E; LE;)

Determine P(E1 UE2 UEs)
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From apack of 52 playing cards, one card is drawn. Find the probability that it is
a  ether aKing or aJack;

b either a Queen or red.

A dieisthrown twice. What is the probability of scoring a 3, followed by a4?

A red ball and 4 white balls are in abox. If two bals are drawn without
replacement, what is the probability of

a  getting ared ball on the first draw and a white ball on the second?
b getting two white balls?

Two cards are drawn from apack of 52 cards. What is the probability that the first
isan Ace and the second isaKing,

a if thefirst card was replaced before the second was drawn?
b if the cards were drawn without replacement?

A box contains 24 pens, 10 of which arered. A penispicked at random. What is
the probability that the penis not red?

The following table gives assignments of probabilities for outcomes from a sample
space.

W1 ‘ Wo W3 ‘ Wy W5 We Wy
a 0.1 0.001 0.05 0.03 0.01 0.2 0.6
b 1 1 1 1 1 1 1
7 7 7 7 7 7 7
© 0.1 0.2 0.3 0.4 0.5 0.6 0.7
d -0.1 0.2 0.3 0.4 -0.2 0.1 0.3
. 1 2 3 A 5 6 13
14 14 14 14 14 14 14

a  Which of the probabilities are invalid assignments? Why?
b Whyis(b) avalid assgnment of probabilities.
In throwing a die what is the probability of getting even or prime number?

Two students are selected from a class of 28 girls and 22 boys one after the other.
What is the probability that the second student selected is aboy given that the first
wasagirl?

You have seen how to determine probability by using either of the product rules (for
independent or dependent events). It is aso possible to show joint events using tree
diagrams and tables, ‘and calculate probabilities from these.
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Example 43 A fair coinistossed twice. Find the probability that both outcomes will
be Heads.
1
e

Solution:  From the multiplication rule, P(HH) = P(H) x P (H) = >

1.1
2 4

You can use atree diagram and/or table to portray the possible outcomes.

Probability of joint

Using tree diagram
Outcomes | Outcomes of

Joint event
event

of first toss | second toss 1
LM HT 4
2 4

2 M
1
N\ 1 ,H TH 2

2 T

1
1 TT =
2 T 4

Therefore, the probability that both outcomes are heads is %, :

Example 44 Suppose that a group of 10 students contain eight boys (B) and two girls
(G). If two students are chosen randomly without replacement, find the
probability that the two students chosen are both boys.

Solution: P (Byand By) = P(B1) x P (Bo/ By) = % IND - 56 _ 28

9 9 45
Hence, the probability that the two students chosen are both boys isg—g .
Outcomes of Outcomes of
first selection { second selection _ Joint Probability of
7 B2 Event joint event
9.
56
' B, and B —
8 B e 90
2 /
o 2 B, and G 16
1 2 90
8 B2 .
9 1
0 Gy G; and B2 %
) 2
1
2 Gy and G —
5 Go ! 2 %
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Example 45 A bag contains 5 red balls, 4 blue balls, and 3 white balls. Two balls are
drawn one &fter the other, without replacement.
a  Findthe probability that both are red.
b Draw tree diagram representing the experiment.
4 20 _ 5

Solution:  P(RandR) = S X — = = —.
12 11 132 33

Joint Event  Probability of joint Event

Rand R Exi

12 11

Rand B Exi

12 11

. White R and W 5.3
> Red 12 11
4 5

X —

Blue BETIR 12 11

4 3

% White BandB Exﬁ
B and W ixg

12 11

W and R ixi

12 11

W and B ixi

12 11

3 2

w w —X—

£ 12 11

Example 46 Two dice are thrown simultaneously. Find the probability that the sum of
the numbers scored is

a 7 b greater than9 c less than 4
Solution:
Second die

1 (,1) | (1,2) (1, 3) (1, 4) (1, 5) (1, 6)

N 2 (2,1) (2,2) (2, 3) (2, 4) (2,5) (2, 6)

S (3,1) | (3,2) | (3,3) | (3,4) | (3,5) (3, 6)

2 4 [ 41) | 42 | (43) ] (44 | 45 | 46)

w 5 (5,1) (5, 2) (5, 3) (5, 4) (5,5) (5, 6)

6 (6,1) (6,2) (6, 3) (6, 4) (6, 5) (6, 6)
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From the table above n(S) = 36.
a Let E = the sum of numbers at thetop is 7. Then n(E) = 6.

rp=8 -1
36 6
b Let E = sum of the numbers at the top is greater than 9 (i.e,, 10 or 11 or 12)
6 1
[PIE)=— = =.
) 36 6
c Let E= sumislessthan 4 (i.e. 2 or 3). Then, n(E) =3
3 1
[PIE)= —=—.
) 36 12

Exercise 5.16 |

1 A box contains 5 red and 6 white balls. If one ball isdrawn at random, find the
probability that it will be

a redorwhite? b  notred? c ydlow?

2 From a pack of 52 playing cards, three cards are drawn one after the other. What
isthe probability that all are Kings if

a  drawingis made with replacement?

b drawing is made without replacement?
3 Use the table in Example 45, to find the probability that
a  thesum of the top numbersis 12.
b thesum of the top numbersis 13.
c  thesum of the numbersis greater than 10.

4 There are 4 black, 2 red and 4 white balls in abox. If three balls are selected at
random what is the probability that

a dl the balls selected areblack? b at least one ball iswhite?
c dl the balls are of different colour?

5  Two lamps are to be chosen from apack of 12 lamps where four are defective and
the rest are non defective. What is the probability that

a both are defective? b One is defective?
c a most one is defective?

6  If aplate of acar consists of two letters and four digits and one car is chosen at
random, then find the probability that the car has the letters at the beginning and a
the end.
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Bl Koy Torms

class boundary exhaustive events percentiles

class interval frequency permutation

class limit fundamental counting principles probability of an event
class mid point independent events qualitative data
combination mean quantitative data
continuous variable measures of location quartiles

deciles measures of variations range

dependent events median standard deviation
discrete variable mode variance

[l summary

1

Quantitative data can be numerically described. Height, weight, age, etc. are
quantitative.

Qualitative data cannot be expressed numerically. Honesty, beauty, sex, love,
religion, etc. are qualitative.

A quantity which assumes different valuesis said to be avariable. A variable may be

[ continuous, if it can take any numerical value within a certain range. Some
examples are height, weight, temperature.

i discrete, if it takes only discrete or exact values. It is obtained by counting.

Frequency means the number of times a certain value of avariable isrepeated in
the given data.

A grouped frequency distribution is congtructed to summarize a large sample of
data.

The appropriate classinterval is given by
(Larg&a' vaue J B (Smalleﬂ vaue J
a

in ungrouped dat in ungrouped data
Number of classes required

Classintervd =
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6

A measure of location isasingle value that is used to represent a mass of data

The common measures of location are mean, median, mode, quartiles, deciles
and percentiles.

2%
Mean (X) = '1n

for raw data

-

fix

I
&

for discrete data

M-

f

I
i

M-

fim

— =1

- for grouped data (= class mark)
fi
i=1
7 Median of ungrouped data is given by
([ (n+D)™ L
My _[ 2 item |, i nisoad After dataisarranged in
" q increasing or decreasing
(2) Item+ ( * 1} order of magnitude.
= 5 item, if niseven
w_ f,
8  Median for a grouped data isgivenby M, =B + 2 i
9 Mode isthe value with the highest frequency.
10

If a distribution has a single mode it is "unimodal®. If it has two modes, it is
"bimodal". If it has more than two modes, it is called "multimodal".

11 For grouped frequency distributions, the modeisgivenby v =B + [

——cf,
12 Quartiles for grouped frequency distributionsare givenby Q. = B + :
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13

14

15

16

17

18

19

Similarly the t" Decile and i* Percentile for grouped frequency distributions,
are given by
n_e n
10 100

D =B + S land R=B + = i respectivley.

Variation is used to demonstrate the extent to which the individual item in the
distribution varies from the average.

The different measures of variation are Range, Variance and Standard
Deviation.

V' Range = Xmax — Xmin
D (% - %)?
v Vaiance= 4=
n

v' Standard deviation (S) is the positive square root of variance,

S=+/Variance

Probability of an event E is defined as follows

If an experiment results in n equaly likely outcomes and m < n is the number of

the ways favourable for event E, then P(E) = %

Multiplication Principle

If an event can occur in m different ways and for every such choice another event
can occur in n different ways, then both events can occur in the given order in
m x n different ways.

Addition Principle

If an operation can be performed in m different ways and another operation can
occur in n different ways and the two operations are mutualy exclusive,
(the performance of one excludes the other) then either of the two can be
performed in m + n ways.

If nisanaturd number, then n factorial, denoted by n!, isdefined by
ni=nx(n-1)x(n-2)x..x2x1 (0r=1)
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20 Permutations are the number of arrangements of n objects taking r of them at a
n!
time is denoted by P(n, r) where P(n,r) =(—

n-r)!’
21 Thenumber of combination of nthingstakingr a atimeis given by

. :(nj: P(n,r)_ nl
r

rl (n=rNrt’

22 The Binomial Theorem:(x+Y)" = nC X"+ nCx""y +nC,X"?y* +...+nC,y".

ﬂ Review Exercises on Unit 5

1 Construct a grouped frequency distribution table for the following data:
13 1 18 21 2 5 15 17 3 20
15 5 16 12 4 2 1 5 12 10
22 13 18 16 15 9 8 7 6 12
24 16 3 13 17 15 15 4 3 12
2 Find the mode(s) of each of the following scores
a 10,4,3,6,4,2,3,4,5,6,8,10,2,1,4,3
b 4,3,2,4,6,5,5,7,6,5,7,3,1,7,2
c

Hx 20-39 | 40-59|60-79| 80-99 |100-119120-139 140-159| 160-179 | 180-199
Hf 6 9 | 11| 14 20 15 10 8 7

3 Find the median of each of the following scores
a 2,3,16,5,15,38,18,17, 12 b 3,2,6,8,12,4,3,2,1,6

C
‘ /@1300-309 310-319| 320-329| 330-339| 340-349| 350-359| 360—-369|370-379
‘ f 9 20 24 38 48 27 17 6

4 Find the mean of each of the following scores
a 12,8,7,10,6, 14,7,6,12,9 b 2.1,6.3,7.1,4.8,3.2

c X 12 13 14 15 16 17 18 20
4 11 32 21 15 8 5 4
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10

d Find the mean score of 30 students with the following scores in mathematics

Score Number of
students
40-49 2
50-59 0
60-69 6
70-79 12
80-89 8
90-99 2

Find Qz, D3 and Py of the following.

oo 25 | 75 | 125 175| 225
f 7 18 25 30 20

Find the variance and standard deviation of each of the following scores.

a 3,5,7,8,2,11,6,5

© ‘X 1-3/4-6|7-9]10-12| 13 -15 | 16 - 18 | 19-21
‘f 1 9 25 35 17 10 3

If afair coin istossed 6 times what is the probability that
a  6headswill occur? b 2 heads will occur?

If =5, thenfind n.

How many three — digit numbers can be formed from the digits 2, 5, 7, 9
a if eechdigit isused once only?

b if each may be used repeatedly?

Compute

a & b 8Cs c 3Cu
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11

12
13

14

15

16

17

PARS

A box contains 12 bulbs with 3 defective ones. If two bulbs are drawn from the
box together, what is the probability that

a  both bulbs are defective? b both are non defective?
c  onebulbisdefective?

In how many ways can 8 people be arranged at around table?

In the expansion of (a + b)*, find

a  thecoefficient of a’b® b thecoefficient of a®b’.

A committee of 5 membersis to be sdected from 7 men and 8 women. In how
many ways can this be done so asto include

a 2 women? b at least 2 men? C at most 4 women?

A box contains 3 red and 8 white bdls. If one ball is drawn from it, find the
chance that the ball drawnisred.

From a pack of 52 playing cards, three cards are drawn one after the other without
replacement. What is the probability that Ace, King and Jack will be obtained
respectively?

Suppose a pair of dice isthrown. What is the probability that the sum of the scores
is5?





